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Exact solutions
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Wave equation
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Free particle

Particle with mass m in one dimensional space. There is no force acting on
It and its potential energy is constant, let's say V = 0.

The Hamiltonian contain only kinetic energy part

|q 2 d2
~ 2mdx?
The Schrodinger equation
2 42 2
T e ®) LW =0, k=T

dx?
The solutions

(X): AeikX + Be IkX
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Free particle and the momentum

Let's act by means of momentum operator on the solutions

-~ 1P -~ ' S — i S —
D (X)= .—ie = 2MEX - - ':p2mEe = emEx - pZmE (X)

But, for free particle the momentum p = P 2mE and
P X)=p (X

Interpretation: The . is a wave function of free particle with the p
momentum which moves in positive direction of x axis, while the IS a
wave function of free particle with the p momentum which moves in negative
direction of x axis.

The can not be normalized to unity , because lim;; (r)60
(dispersed state - in oposite to bound state).
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Particle in a box - 1D

( .
V(x) = 00 x2A=mLi ) "X 60

1 x2A° y Bh(x)=0

In the MO; Li interval the wavefunction is the same like for free particle

(X): Aeikx + Be ikx
|
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Particle in a box - 1D

Using Euler's formula

e k& =coskx isinkx

(X)=(A+ B)coskx + i(A B)sinkx = acoskx + ibsinkx

So, we have the solutions. We just need to sew all them up together

! (X)jx=0 = ! (X)Ix=0
! (X)x=L = o (X))x=1L
Thus
1 "x=0=0; 2 "(xx=L)=0
and

"@=B) B=0
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Continuation ...

(L) = Asin _ZE| =g
2[”—EL = n n 2N
h(x) = Asin T-x

The A constant we determine from normalization condition
"5
1=h ] ni ) A = T
and
r

2 ..n
I (x) = o Sin =X
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Particle in a box - 1D - results
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Particle in a box - 2D

L,
V=0 V=
0 I X
3.
The Schrodinger equation
2 d2 d2
om a2 dy2 (X;y)=E (Xxy)

|
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Continuation

By the way: if the Hamiltonian H (x;y) can be rewritten as a sum of
hamiltonians K 1(x) + H,(y) then

(X;y) = X(X)Y(y)

E=Ei1+ E>
HiX (X) = E1X (X)
H2Y (y) = E2Y (y)

Proof:

B (xy)=(Hi+ B)XX)Y(Y) = Yy)HX X))+ X X)H2Y(Y)
= E1X(X)Y(y)+ Eo2X(X)Y(Y)=(E1+ E2)X(X)Y(Y)= E (X;y)




Continuation

Let's put the functions into the equation

d? d? 2mE
Y—X+X—Y = XY
dx? dy? ~2
1 d? 1 d? 2mE
— X+ ——Y =
X dx? Y dy? =L
1 d2 2
X dx? ~2 Y dy?

Both sides depend on only one variable, then they are equal to constant,
let's say 2.

For X

— X = 2%

X = Asin(x)+ Bcos(x)

|
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Continuation

2
d_Y = 2 + 2mE Y
dy2 2
| {z !
d2
—VY = 2y
dy?
+
Y = Csin(y )+ Dcos(y)
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Continuation ...

Boundary conditions

X(x=0)=0 X(Xx=Lyx)=0 Y(y=0)=0 Y(y=1Ly)=0

+ + + +
m n
B=0 = L— D=0 = L_
| {z 3 {z 4
X =Asin(f-x) Y=Csin p-y
Finally
. m . N
nm (X;¥y)= Nsin —Xx sin —y n,m2N

Ly L,

|
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Continuation ...

Normalization

1=h mn) mnl ) N = p——

Average energy of ., State

A, ._ ~ m??2 n°?

And if the box Is square, then

~ (n2+ m2) 2.2
- 2ML 2

In such cases energetical levels are degenerated, i.e. a given energy value
correspond to more then one gquantum state, for instance E1», = E»;.

Emn

| |
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Particle in a box - 2D - results
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Particle in a box - 2D - results
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Particle in a box - 2D - results
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Quantum tunnelling

4.

Even if kinetic energy of a particle is lower then the potential energy barrier
(E <V ) the probability of passing through the barrier is higher then zero.

Example: particle can break free from the nucleus potential.

|
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Harmonic oscillator

:
a

Frst wave functions and corresponding densities of probabilities

| |
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Angular momentum

In classical physics the angular momentumisL = r p, while in quantum
physics we are interested in corresponding operator

[ = [r—\x; I,—\y; Iﬁz]
One can measure only l'_\2 and one component of ', customarily it is (.

. . 2 . .
The eigenfunctions of [~ are well known - they are the spherical harmonics
Y.m
j

1 o _
YM(; )= 2—N”mjPj””‘(cos )em

where P™ is called the associated Legendre polynomial.
One should remember that there ar not spherical harmonics form > .

| |
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Angular momentum - continuation ...

For m 6 O the spherical harmonics are complex but one can obtain
corresponding real functions taking appropriate linear combinations of
complex functions

(

Y z YmEy
yvwb o= oz teyn

The real spherical harmonics can be visualized, plotting appropriate density
of probability

|
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Spherical harmonics

l i 2

|
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Spherical harmonics

l 2 2
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Spherical harmonics

6+ 6
12 12

| |
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Hydrogen atom

Hydrogen-like atom: 1 electron with mass me and charge e, one nucleus
with mass my and charge Ze. The distance between them equals
r=jrn e Wherery is the nucleus position vector while the r ¢ is the

electron position vector.

The Hamiltonian

B = - o+ V

where

4 ojfn T

| |
| |
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Hydrogen atom - center of mass

Usualy, we are not interested in the translation movement of the whole
system but relative movement of separate particles which constitute the
system. To separate off the translation movement one get on the center of
mass coordinate system.

H=HBeg+H =T+ T+ V¥

where Hr describe the center of mass position. Thus

H(R;r)="(R;r) ) (R;r)=F(R) (r)

Thus, we can separte the eigen problem into two separate problems

He (r) = E (r)
HrF(R) = (" E)F(R)

The Hr is the operator of free particle, while the most important H,
describe the energy of interacting particles (kinetic and potential). Next, we

- will call it simply A

|
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Hydrogen atom - Schrodinger equation

~2 Ze?
> 2o (M=E @
where
_ 1 @ ,@ 1 @ . @ 1 ©@
"7 @r'@r sne '@ st e
The equation can be rewritten
!
“21@,@ [? Ze? _
2 2@ @ 2r2 4 o = B0
H (r) = E (r)

where the L? is angular momentum operatorand 1= m_ *+ m,tis
reduced mass.
|

|
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Hydrogen atom - Schrodinger equation - continuation ...

Additionaly, one can check that

[
o

h i
H: (2
h i
H: [,

[
o

If so, then the eigenfunctions of H operator are also the eigenfunctions of

(‘2 operator. These are the spherical harmonics (Y,""(’; )). Moreover, the

part of Schrodinger equation containing the L2 depends only on the
spherical and coordinates, while the rest of the Hamiltonian contains

only the r variable.

Finally, the total wave function of } must be a product of function depending
only on r and a function depending only on and

am (15 )= Rum (r)Y|m(; )

|
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Hydrogen atom - Schrodinger equation - continuation ...

Additionaly

(2 am (15 ) = |(|+1)~2 am (15 )
LAZ am (63 ) = m~

And the Hamiltonian can be rewritten

~

2 2
— @ 2@ Ze
A= 2r2 @r | @r I +1) 4 or

When we will put this form of Hamiltonian and our function .y, (r; ; ) to
the Schrodinger equation and we will divide both sides by Y, (; ) (we can

do this because the Hamiltonian doesn't depend on spherical angles) we
will obtain differential equation for Rpm (r)

= @ rz_@ Ze?

2r 2 @r @l‘ |(|+1) A of Rnl(r): EanI(r)

|
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Hydrogen atom - Schrodinger equation - continuation ...

The solutions of this equation are:

Rp (r) = Ny r'L2 % e o
where
4 o~ . .
d = o2 Bohr's rst orbit radius
L' (X) = d” d';(r;q(x) associated Laguerre polynomial
La(X) = exdn()d(:(f ) ordinary Laguerre polynomial

. 2 4
The energy levels are quantized E,, = 8%,2 5=
0

|
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Hydrogen atom - guantum numbers

Calculating rst L' one can see that for m>n the L' = 0 what means that
20l+1 n+land

| n 1

On the other hand in spherical harmonics

| = 0;1,2;:::
jmj |

Finally

jmj = I 1+21:::::0 11

|
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Hydrogen-like atoms' wave functions
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Hydrogen atom - solutions

5. Energy levels of hydrogen atom.
| |
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Hydrogen atom - orbitals

Wavefunctions , are called orbitals, in brief denoted as no,,, where the o
Is the asimuthal quantum number - |. When | = 0, the m is omitted.

Forl 2f0;1;2;3;:::gone use the denominationo 2 f s;p;d;f;::: g
For example g9 is called 1s orbital, 5,71 Is called 2p;, 3> ;iscalled 3d ;

For m 6 O the orbitals are complex functions, but as in the case of spherical
harmonics one can create appropriate real orbitals by taking a linear
combination of complex functions.

For real orbital 2pg one call it 2p,.

The orbitals can be visualized taking arbitrary constant number to set the
maximum value of modul of orbitals

j n(r; ) =
j n(Xy;2)] =

| F(xiy;z) = J a(xy;z)] =0 implicit function

|
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Hydrogen atom orbitals

1s orbital 2px orbital

2py orbital 2pz orbital
| |

| |
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Hydrogen atom orbitals

3dZ 2 orbital 3dX 2 y2 orbital

| |
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Radial density of probability

Radial density of probability determine probability of nd ing an electron in
the distance r from nucleus, independently on spherical angles.

z 7,

a(r) = i am (r;: )j%r?sindd
0 0

and because radial part of the wave function is real

z 7,
a (r) = r°R2 o iY"(; )j’sindd = r°R§

|
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Radial density of probability

An example

Determine the most probable and the most expected distance of electron
(from the nucleus) on the 2, orbital of hydrogen atom.

The most expected value can be calculated simply examing the function

21(r) = TAagr e a0 = Nr%e 3o
0 _ 3 I LA
21(r) = Nr 4 % e ao =0 an extremum
] #
8r r° T .
82([—): Nr? 12 — + — e a0 <0 a maximum
aop ao

Thus rmax = 4ag.

, 4 sierpnia 2009 - p. 39/??



Radial density of probability - continuation ...

The most probable value

z.2 2,
hri = h 210jfy 2101 = j 210(r; ; )j°risindrdd =
i) 0] 0
1 Zl Z 2
= - r°e a0 sin co€ drdd =
32a3 o o o
,Zs z Z,
= . r°e aodr  sin cog d d
32ag3 o 0 0
Z ( )
. t = -dt = sind 1 2
sin cos d = €os =i = t?dt = =
0 =0) t= 1, = ) t=1 1 3
Zl
12
x°e X dx = 240

6
0

And nally the hri =5ag. Thus hri >r a5y for 2, orbital of H.
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Radial densities of probability

Radial density of probability for 1s orbital Radial density of probability for 2s orbital

I Radial density of probability for 2p orbital Radial density of probability for 3s orbital I

| |
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Radial densities of probability

Radial density of probability for 3p orbital Radial density of probability for 3d orbital
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